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The original definition of quantum discord of bipartite states was defined under one-side projective
measurements, it describes quantum correlation more extensively than entanglement. Dakic, Vedral,
and Brukner [Phys. Rev. Lett. 105, 190502 (2010)] introduced a geometric measure of quantum
discord, and Luo, Fu [Phys. Rev. A 82, 034302 (2010)] simplified the expression of it. In this paper
we generalize the quantum discord to the case of two-side projective measurements, and also define
a geometric measure on it. Further, a simplified expression and a lower bound of this geometric
measure are derived and explicit expressions are obtained for some special cases.
PACS numbers: 03.65.Ud, 03.67.-a
I. INTRODUCTION: QUANTUM DISCORD
UNDER ONE-SIDE PROJECTIVE
MEASUREMENTS
Quantum correlation is one of the most striking fea-
tures in quantum many-body systems. Entanglement
was widely regarded as nonlocal quantum correlation
and it leads to powerful applications [1, 2]. However,
entanglement is not the only type of correlation useful
for quantum technology. A different notion of measure,
quantum discord, has also been proposed to characterize
quantum correlation based on quantum measurements
[3, 4]. Quantum discord captures the nonlocal corre-
lation more general than entanglement, it can exist in
some states even if entanglement does vanish. Moreover,
it was shown that quantum discord might be responsible
for the quantum computational effiency of some quantum
computation tasks [5–7].
Recently, quantum discord has attracted increasing at-
tention. Its evaluation involves optimization procedure,
and analytical expressions are known only in a few cases
[8, 9]. A witness of quantum discord for 2×n states was
found [10], while we have known that almost all quantum
states have nonvanishing quantum discord [11]. Theoret-
ically, the relations between quantum discord and other
concepts have been discussed, such as Maxwell’s demon
[12, 13], completely positive maps [14], and relative en-
tropy [15]. Also, the characteristics of quantum discord
in some physical models and in information processing
have been studied [16–19].
The original definition of quantum discord was given
under one-side projective measurements. In this paper,
we will generalize it to the case of two-side projective
measurements. For clarity, we first give some notations
and rules which will be used throughout this paper: Let
HA, HB be the Hilbert spaces of quantum systems A, B,
dimHA = m, dimHB = n. IA, IB, I are the identity op-
erators on HA, HB and HA ⊗HB. The reduced density
∗ xxujianwei@yahoo.cn
matrices of a state ρAB on HA⊗HB are ρA = trBρ, ρB =
trAρ. For any density operators ρ, σ on a Hilbert space
H, the entropy of ρ is S(ρ) = −trρ log ρ (log ρ = log2 ρ),
the relative entropy is S(ρ||σ) = trρ log ρ − trρ log σ.
It is known that S(ρ||σ) ≥ 0 and S(ρ||σ) = 0 only if
ρ = σ. The conditional entropy of ρAB on HA ⊗ HB
(with respect to A) is defined as S(ρAB) − S(ρA), and
the mutual information of ρ is S(ρA) + S(ρB)− S(ρAB)
which is nonnegative and vanishing only when ρAB =
ρA ⊗ ρB. A general measurement on ρAB is denoted by
a set of operators Φ = {Φα}α on HA ⊗ HB satisfy-
ing
∑
αΦαΦ
†
α = I, where † means Hermitian adjoint,
and {Φα}α operate ρAB as ρ˜AB =
∑
α Φαρ
ABΦ†α. When
Φα = Aα ⊗ IB , where Aα are operators on HA, we say
{Aα⊗ IB}α is a one-side (with respect to subsystem A )
general measurement. Moreover, if Aα = Πα = |α〉〈α|
and {|α〉}mα=1 is an orthonormal basis of HA, we call
{Πα ⊗ IB}α a one-side projective measurement. Sim-
ilarly, we call {Παβ}α,β a two-side projective measure-
ments, where Παβ = |α〉〈α| ⊗ |β〉〈β|, and {|β〉}nβ=1 is an
orthonormal basis of HB. For simplicity, we sometimes
write
∑
αAα⊗ IBρABA†α⊗ IB =
∑
αAαρ
ABA†α by omit-
ting identity operators. In this paper, we use ρ˜AB to
denote the state whose initial state are ρAB and experi-
enced a measurement, and ρ˜A = trB ρ˜AB, ρ˜B = trAρ˜AB.
Now recall that the quantum discord of ρAB under
one-side projective measurements on A can be expressed
as
DA(ρ
AB) = S(ρA)−S(ρAB)+ inf
Πα
[S(ρ˜AB)−S(ρ˜A)]. (1)
In Eq. (1), inf is taken over all projective measurements
on A. DB(ρ
AB) is defined similarly. The intuitive mean-
ing of Eq. (1) is that DA(ρ
AB) is the minimal loss of con-
ditional entropy or mutual information (since ρB = ρ˜B )
under all projective measurements on subsystem A.
DA(ρ
AB) = 0 means there is no loss of conditional
entropy or mutual information for at least one projective
measurement on A. Such states are called classical states
2because of this classical feature. It can be proved that
DA(ρ
AB) = 0⇐⇒ ρAB =
m∑
α=1
pα|α〉〈α| ⊗ ρBα , (2)
where, {|α〉}mα=1 is an arbitrary orthonormal set of HA,
and pα are probabilities.
Although the set of all states ρAB satisfying
DA(ρ
AB) = 0 is not a convex set, a technical defini-
tion of geometric measure of quantum discord of ρAB
under projective measurements on A can be defined as
inf d(ρAB, σAB), where d is a distance defined on density
operators of HA⊗HB, and inf is taken over all σAB with
DA(σ
AB) = 0.
Let L(HA) be the real linear space of all Hermi-
tian operators on L(HA) , and define the inner product
〈X |Y 〉 = trA(XY ) for any X,Y ∈ L(HA), then L(HA)
becomes a real Hilbert space with dimension m2. The
Hilbert spaces L(HB) and L(HA⊗HB) are defined sim-
ilarly. A geometric measure of quantum discord of ρAB
under one-side projective measurements on A can be de-
fined as [20]
DGA(ρ
AB) = inf
σAB
||ρAB − σAB ||2, (3)
where ||ρAB − σAB||2 = tr[(ρAB − σAB)2], inf takes all
σAB thatDA(σ
AB) = 0. Analytical solutions ofDGA(ρ
AB)
for all 2-qubit states were obtained [20]. Moreover, it has
been showed that Eq. (3) can be simplified as [21]
DGA(ρ
AB) = inf
Πα
||ρAB −ΠαρABΠα||2. (4)
In this paper, we will generalize Eqs. (1)-(4) to the
case of two-side projective measurements (Sec. II), and
evaluate some special states (Sec. III).
II. QUANTUM DISCORD UNDER TWO-SIDE
PROJECTIVE MEASUREMENTS
We can generalize the definition of quantum discord
under one-side projective measurements in Eq. (1) to
the case of two-side projective measurements, as [22]
DAB(ρ
AB) = S(ρA) + S(ρB)− S(ρAB)
+ inf
{Παβ}
[S(ρ˜AB)− S(ρ˜A)− S(ρ˜B)]. (5)
Theorem 1 below states that DAB(ρ
AB) is nonnegative
and for what states DAB(ρ
AB) vanishes.
Theorem 1. It holds that
DAB(ρ
AB) ≥ 0, (6)
DAB(ρ
AB) = 0⇐⇒ ρAB =
∑
αβ
pαβΠαβ . (7)
where {Παβ}αβ is an arbitrary two-side projective mea-
surement, pαβ are double probabilities, that is pαβ ≥ 0,
and
∑
αβ pαβ = 1.
To prove Eq. (6), we first establish that ˜ρA ⊗ ρB =
ρ˜A⊗ ρ˜B under two-side projective measurements. Given
two-side projective measurement {Παβ}αβ, we expand
ρAB and ρ˜AB in basis {|α〉}mα=1 = {|α′〉}mα′=1 and
{|β〉}nβ=1 = {|β′〉}nβ′=1 as
ρAB =
∑
αα′ββ′
ρABαα′ββ′ |α〉〈α′| ⊗ |β〉〈β′|,
ρ˜AB =
∑
αβ
Παβρ
ABΠαβ =
∑
αβ
ρABααββ|α〉〈α| ⊗ |β〉〈β|.
Then it can be easily verified that ˜ρA ⊗ ρB = ρ˜A ⊗ ρ˜B.
From the monotonicity of relative entropy under gen-
eral measurements [23]
S(ΦρAB||ΦσAB) ≤ S(ρAB||σAB),
and the relation between mutual information and relative
entropy
S(ρAB||ρA ⊗ ρB) = S(ρA) + S(ρB)− S(ρAB).
Now substituting {Φ} by {Παβ}αβ and combining˜ρA ⊗ ρB = ρ˜A ⊗ ρ˜B , it follows that DAB(ρAB) ≥ 0.
To establish Eq. (7), it is also known that
S(ΦρAB||ΦσAB) = S(ρAB||σAB) if and only if there ex-
ists a general measurement Γ such that ΓΦρAB = ρAB
and ΓΦσAB = σAB [24]. Then, for any two two-side
projective measurements {Παβ} and {Πγδ}, if
ρAB =
∑
γδ
Πγδ(
∑
αβ
Παβρ
ABΠαβ)Πγδ
=
∑
γδ
Πγδ(
∑
αβ
ρABααββΠαβ)Πγδ
=
∑
αβγδ
ρABααββ|〈γ|α〉〈δ|β〉|2Πγδ,
then ρAB has the form of ρAB =
∑
αβ pαβΠαβ . Con-
versely, if ρAB =
∑
αβ pαβΠαβ , then
∑
αβ Παβρ
ABΠαβ =
ρAB. Hence Eq. (7) holds. We thus complete the proof
of Theorem 1.
From Eqs. (2) and (7), we have
DAB(ρ
AB) = 0⇐⇒ DA(ρAB) = DB(ρAB) = 0. (8)
The intuitive meaning of Eq. (5) is that DAB(ρ
AB)
is the minimal loss of mutual information under all two-
side projective measurements. We see that DAB(ρ
AB)
captures more correlations than DA(ρ
AB) , since
DAB(ρ
AB) = 0⇒ DA(ρAB) = 0. (9)
In the same spirit of Eq. (3), we also define a geometric
measure of quantum discord under two-side projective
measurements as
DGAB(ρ
AB) = inf
χAB
||ρAB − χAB||2, (10)
3where inf takes all χAB that DAB(χ
AB) = 0. From Eqs.
(2), (3), (7), (10), it can be easily found that
DGAB(ρ
AB) ≥ max{DGA(ρAB), DGB(ρAB)}. (11)
The Theorem 2 below will simplify Eq. (10).
Theorem 2. DGAB(ρ
AB) is defined in Eq. (10), then
DGAB(ρ
AB) = inf
{Παβ}
||ρAB −
∑
αβ
Παβρ
ABΠαβ ||2
= tr[(ρAB)2]− sup
{Παβ}
||
∑
αβ
Παβρ
ABΠαβ ||2, (12)
where inf and sup take over all two-side projective mea-
surements {Παβ}.
Proof : For any χAB that DAB(χ
AB) = 0, suppose
χAB =
∑
αβ
pαβ |α〉〈α| ⊗ |β〉〈β|.
We expand ρAB in basis {|α〉} = {|α′〉} and {|β〉} =
{|β′〉} as
ρAB =
∑
αα′ββ′
ρABαα′ββ′|α〉〈α′| ⊗ |β〉〈β′|.
Hence,
||ρAB − χAB||2
= tr[(ρAB)2]− 2
∑
αβ
pαβρ
AB
ααββ +
∑
αβ
p2αβ
= tr[(ρAB)2]−
∑
αβ
(ρABααββ)
2 +
∑
αβ
(pαβ − ρABααββ)2.
By choosing pαβ = ρ
AB
ααββ , i.e., χ
AB = Παβρ
ABΠαβ , we
then attain Theorem 2.
We would rather like to give another expression of The-
orem 2 and a lower bound of DGAB(ρ
AB) follws from it,
that is Theorem 2
′
below.
Theorem 2
′
. DGAB(ρ
AB) is defined in Eq. (10), then
DGAB(ρ
AB) = tr(CCt)− sup
AB
tr(ACBtBCtAt), (13)
DGAB(ρ
AB) ≥ tr(CCt)−
min{m,n}∑
k=1
λk. (14)
Where λk are the eigenvalues of CC
t listed in decreasing
order (counting multiplicity), t denotes transpose. The
meanings of matrices A,B,C as follows: given orthonor-
mal bases {Xi}m2i=1 for L(HA) and {Yj}n
2
j=1 for L(H
B).
Let ρAB =
∑
ij CijXi ⊗ Yj , matrix C = (Cij). For
any orthonormal bases {|α〉}mα=1 for HA and {|β〉}nβ=1
for HB, let |α〉〈α| = ∑m2i=1AαiXi , |β〉〈β| = ∑ n2j=1BβjYj
and matrices A = (Aαi), B = (Bβj).
To prove Eq. (13), note that Aαi = tr(Xi|α〉〈α|) =
〈α|Xi|α〉, Bβj = tr(Yj |β〉〈β|) = 〈β|Yj |β〉, thus
DGAB(ρ
AB) = tr[(ρAB)2]− sup
{Παβ}
||
∑
αβ
Παβρ
ABΠαβ ||2
=
∑
ij
C2ij − sup
{Παβ}
||
∑
ijαβ
Cij〈α|Xi|α〉〈β|Yj |β〉|α〉〈α| ⊗ |β〉〈β|||2
=
∑
ij
C2ij − sup
AB
∑
αβ
(
∑
ij
AαiCijBβj)
2
= tr(CCt)− sup
AB
tr(ACBtBCtAt).
A brief proof of inequality (14) is: since [21]
DGA(ρ
AB) ≥ tr(CCt)−
m∑
k=1
λk,
DGB(ρ
AB) ≥ tr(CCt)−
n∑
k=1
λk,
together with DGAB(ρ
AB) ≥ max{DGA(ρAB), DGB(ρAB)},
thus inequality (14) is readily true.
III. EXAMPLES
In this section let us consider some examples which
allow explicit results.
Example 1. For the m×m Werner state
ρAB =
m− x
m3 −mI +
mx− 1
m3 −mF, x ∈ [−1, 1],
with F =
∑
kl |k〉〈l|⊗ |l〉〈k|. Note that F 2 = I, trF = m.
For any two-side projective measurement {Παβ},
∑
αβ
Παβρ
ABΠαβ
=
m− x
m3 −mI +
mx− 1
m3 −m
∑
αβkl
〈α|k〉〈l|α〉〈β|l〉〈k|β〉Παβ
=
m− x
m3 −mI +
mx− 1
m3 −m
∑
αβ
|〈α|β〉|2Παβ .
Thus, applying Lagrangian multipliers method, we get
DGAB(ρ
AB) =
(mx− 1)2
m(m− 1)(m+ 1)2 .
That is, DGAB(ρ
AB) = DGA(ρ
AB). [21]
A werner state is separable if and only if x ∈ (0, 1], but
its geometric measures of quantum discords vanish if and
only if x = 1/m.
Example 2. For the m×m isotropic state
ρAB =
1− x
m2 − 1I +
m2x− 1
m2 − 1 M, x ∈ [0, 1],
with M = 1
m
∑
kl |k〉〈l| ⊗ |k〉〈l|. Note that M2 = M ,
and trM = 1. For any two-side projective measurement
{Παβ},
∑
αβ
Παβρ
ABΠαβ
4=
1− x
m2 − 1I +
m2x− 1
m2 − 1
1
m
∑
αβkl
〈α|k〉〈l|α〉〈β|k〉〈l|β〉Παβ
=
1− x
m2 − 1I +
m2x− 1
m2 − 1
1
m
∑
αβ
|〈α|β′〉|2Παβ .
here |β′〉 = |β〉∗ is the complex conjugate of |β〉. Using
the similar techniques in example 1 will yield
DGAB(ρ
AB) =
(m2x− 1)2
m(m− 1)(m+ 1)2 .
That is DGAB(ρ
AB) = DGA(ρ
AB). [21]
Recall that an isotropic state is separable if and only
if x ∈ [0, 1/m], but its geometric measures of quantum
discords vanish if and only if x = 1/m2.
Example 3. For any two-qubit state
ρ =
1
4
(I +
3∑
i=1
xiσi ⊗ I2 +
3∑
j=1
yjI1 ⊗ σj
+
3∑
i,j=1
Tijσi ⊗ σj)
=
1
2
(X0 ⊗ Y0 +
3∑
i=1
xiXi ⊗ Y0 +
3∑
j=1
yjX0 ⊗ Yj
+
3∑
i,j=1
TijXi ⊗ Yj).
Where {σi} are the Pauli matrices, {X0, X1, X2, X3} =
1√
2
{I1, σ1, σ2, σ3}, {Y0, Y1, Y2, Y3} = 1√
2
{I2, σ1, σ2, σ3}.
Note that trσi = 0 and tr(σiσj) = 2δij , hence
{X0, X1, X2, X3} is an orthonormal basis for L(HA) , and
{Y0, Y1, Y2, Y3} is an orthonormal basis for L(HB). For
any orthonormal basis {|α〉}2α=1 of HA, |α〉〈α| ∈ L(HA),
we can write |α〉〈α| as
|1A〉〈1A| = 1√
2
(X0 + a1X1 + a2X2 + a3X3),
|2A〉〈2A| = 1√
2
(X0 − a1X1 − a2X2 − a3X3).
Here, a = (a1, a2, a3) is a real vector with ‖a‖ =∑3
i=1 a
2
i = 1. Similarly, for any orthonormal basis
{|β〉}2α=1 of HB, |β〉〈β| ∈ L(HB), we write |β〉〈β| as
|1B〉〈1B| = 1√
2
(Y0 + b1Y1 + b2Y2 + b3Y3),
|2B〉〈2B| = 1√
2
(Y0 − b1Y1 − b2Y2 − b3Y3).
Here, b = (b1, b2, b3) is a real vector with ‖b‖ = 1.
Thus, from Eq. (13), direct calculation shows that
DGAB(ρ
AB) =
1
4
[||x||2 + ||y||2 + tr(TT t)]
−1
4
sup
ab
[(a · x)2 + (b · y)2 + (aTbt)2]. (15)
where x = (x1, x2, x3), y = (y1, y2, y3), T = (Tij).
In particular,
(i) if T = 0, then DGAB(ρ
AB) = 0;
(ii) if x = y = 0, that is ρA = I1 and ρ
B = I2, then
DGAB(ρ
AB) = 1
4
[tr(TT t) − λmax], with λmax being the
largest eigenvalue of TT t;
(iii) if Tij = xiyj, that is ρ
AB = ρA ⊗ ρB, then
DGAB(ρ
AB) = 0.
IV. SUMMARY
The original definition of quantum discord DA(ρ
AB)
can be generalized to the case of two-side projective
measurements by defining DAB(ρ
AB) as the minimal
loss of mutual information under all two-side projective
measurements. We derived the set of all states that
DAB(ρ
AB) vanishes, and defined a geometric measure
DGAB(ρ
AB) due to this set. A simplified variational ex-
pression and a lower bound of DGAB(ρ
AB) have been ob-
tained, and some special cases allows explicit expressions.
It was shown that DAB(ρ
AB) captures more correla-
tions than DA(ρ
AB). It is interesting to point out the
containment relations below
ρAB = ρA ⊗ ρB ⇒ DAB(ρAB) = 0
⇒ DA(ρAB) = 0⇒ ρAB is separable. (16)
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Abstract
The original definition of quantum discord of bipartite states was defined over one-sided projec-
tive measurements, it describes quantum correlation more extensively than entanglement. Dakic,
Vedral, and Brukner [Phys. Rev. Lett. 105 (2010) 190502] introduced a geometric measure for
this quantum discord, and Luo, Fu [Phys. Rev. A 82 (2010) 034302] simplified the variation
expression of it. In this paper we introduce a geometric measure for the quantum discord over
two-sided projective measurements. A simplified expression and a lower bound of this geometric
measure are derived and explicit expressions are obtained for some special cases.
Keywords: quantum discord, two-sided projective measurement, geometric measure
1. Introduction
Quantum entanglement is by far the most famous and best studied kind of quantum correlation,
and leads to powerful applications [1, 2]. While interest remains strong, recent researches have
explored another quantum correlation other than entanglement, called quantum discord [3, 4],
which may be employed as alternative resources for quantum technology [5–7]. From theoretic
points of view, operational interpretations of quantum discord have been proposed, the links
between quantum discord with other concepts have been discussed, such as Maxwell’s demon [8,
9], completely positive maps [10], and relative entropy [11]. At the same time, the characteristics
of quantum discord in some physical models and in information processing have been studied
[12–17].
But the awkward situation is, till now the analytical expressions of quantum discord are found
only for few special states [18–22]. The problem arises from the variation expression of original
definition of quantum discord. Analytical expression is very useful for investigating the dynamics
in physical systems [12, 23, 24]. Very recently, Dakic, Vedral, and Brukner introduced [25] a
geometric measure for quantum discord. As one of the most striking results of this measure,
they obtained [25] the analytical expression for any two qubits states. Also, Luo and Fu [26]
simplified the expression of this geometric measure, and derived a lower bound for any quantum
state.
∗Corresponding author. Tel.: +86 28 85412379; fax: +86 28 8541 0252
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In the same spirit, in this paper we introduce a geometric measure for the quantum discord over
two-sided projective measurements (Sec.3). We also simplify the expression and provide a lower
bound for this geometric measure (Sec.4). As examples, we derive some explicit expressions of
this geometric measure for some special quantum states (Sec.5).
2. Geometric measure of quantum discord over one-sided projective measurements
For clarity, we first give some definitions about quantum entropy, conditional entropy, mutual
information and projective measurement. Let HA, HB be the Hilbert spaces of quantum systems
A, B, respectively, with dimHA = nA, dimHB = nB. IA, IB, IAB are the identity operators on
HA, HB and HA ⊗ HB. The reduced density matrices of a state ρAB on HA ⊗ HB are ρA = trBρAB,
ρB = trAρAB. For density operators ρ, σ on a Hilbert space H, the entropy of ρ is defined as
S (ρ) = −tr(ρ log ρ) (log ρ = log2 ρ), the conditional entropy of ρAB (with respect to A) is defined
as S (ρAB) − S (ρA). The mutual information of ρAB is defined as S (ρA) + S (ρB) − S (ρAB), which
is nonnegative, and vanishing only when ρAB = ρA ⊗ ρB ([1], 11.3.4). A general measurement
on ρAB is denoted by a set of operators Φ = {Φα}α satisfying
∑
αΦ
†
αΦα = IAB, here † denotes
Hermitian adjoint, and {Φα}α performs ρAB as ρ˜AB = ∑α ΦαρABΦ†α. When Φα = Πα ⊗ IB, where
Πα = |α〉〈α| and {|α〉}nAα=1 is an orthonormal basis for HA, we call {Πα⊗ IB}α a one-sided projective
measurement. We call {Παβ}αβ a two-sided projective measurements, whereΠαβ = |α〉〈α|⊗ |β〉〈β|,
and {|β〉}nB
β=1 is an orthonormal basis of H
B
. For simplicity, we sometimes simply write Πα ⊗ IB
as Πα. We use ρ˜AB to denote the state its initial state is ρAB and experienced a measurement, and
ρ˜A = trBρ˜AB, ρ˜B = trAρ˜AB.
Now recall that the original definition of quantum discord of ρAB was defined over one-sided
projective measurements (with respect to A) as [3]
DA(ρAB) = S (ρA) − S (ρAB) + inf{Πα⊗IB}α[ΣαpαS (ρ˜
B
α/pα)], (1)
where inf is taken over all projective measurements on A, ρ˜Bα = trA(ΠαρABΠα), pα = trBρ˜Bα .
DB(ρAB) can be defined similarly.
By the joint entropy theorem ([1], 11.3.2), Eq.(1) can be rewritten as [3]
DA(ρAB) = S (ρA) − S (ρAB) + inf{Πα⊗IB}α[S (ρ˜
AB) − S (ρ˜A)]. (2)
A state ρAB satisfying DA(ρAB) = 0 is called a classical state, it can be proved that [3]
DA(ρAB) ≥ 0, (3)
DA(ρAB) = 0 ⇐⇒ ρAB =
nA∑
α=1
pα|α〉〈α| ⊗ ρBα , (4)
where, {|α〉}nA
α=1 is an arbitrary orthonormal set of H
A
, pα ≥ 0,
∑nA
α=1 pα = 1, ρ
B
α are density
operators on HB.
Although the set of all states ρAB satisfying DA(ρAB) = 0 is not a convex set, a technical defi-
nition of geometric measure of quantum discord of ρAB over one-sided projective measurements
on A can be defined as
DGA (ρAB) = inf
σAB
d(ρAB, σAB), (5)
2
where d is a distance defined on density operators on HA ⊗ HB, and inf runs over all σAB with
DPA(σAB) = 0. DGB (ρAB) can be defined similarly. One of such geometric measure is as follows.
Let L(HA) be the real linear space of all Hermitian operators on HA , and define the inner
product 〈X|X′〉 = trA(XX′) for any X, X′ ∈ L(HA), then L(HA) becomes a real Hilbert space with
dimension n2A. The Hilbert spaces L(HB) and L(HA ⊗ HB) are defined similarly. A geometric
measure of quantum discord of ρAB over one-sided projective measurements on A can then be
defined as [25]
DGA (ρAB) = inf
σAB
||ρAB − σAB||2, (6)
where ||ρAB−σAB||2 = tr[(ρAB−σAB)2], inf takes all σAB that DPA(σAB) = 0. Some analytical solu-
tions of DGA (ρAB) were obtained [25]. Moreover, it has been shown that Eq.(6) can be simplified
as [26]
DGA (ρAB) = inf{Πα}α ||ρ
AB −
∑
α
Παρ
AB
Πα||2. (7)
3. Geometric measure of quantum discord over two-sided projective measurements
In this section, we propose a geometric measure under two-sided projective measurements.
The original definition of quantum discord over one-sided projective measurements in Eq.(1)
or Eq.(2) has the intuitive physical meaning that DA(ρAB) is the minimal loss of mutual informa-
tion or conditional entropy due to all one-sided projective measurements. A direct way to define
the quantum discord over two-sided projective measurements then is [3, 27]
DAB(ρAB) = S (ρA) + S (ρB) − S (ρAB) + inf{Παβ}αβ[S (ρ˜
AB) − S (ρ˜A) − S (ρ˜B)]. (8)
Where, inf takes all two-sided projective measurements. By the experiences of optimization
about Eq.(1) or Eq.(2), it seems that Eq.(8) will be very difficult to optimize excepting some
very special states. So, we introduce a geometric measure of it, just as what have done in the
one-sided case [25, 26]. To do so, we first prove that DAB(ρAB) in Eq.(8) is nonnegative for any
state (then DAB(ρAB) is a valid measure), and next we need to find the set of all states ρAB that
DAB(ρAB) = 0. This is Theorem 1 below.
Theorem 1. It holds that
DAB(ρAB) ≥ 0, (9)
DAB(ρAB) = 0 ⇐⇒ ρAB =
∑
αβ
pαβΠαβ, (10)
where {Παβ}αβ is an arbitrary two-sided projective measurement, {pαβ}αβ is an arbitrary probabil-
ity distrbution, that is pαβ ≥ 0,
∑
αβ pαβ = 1.
proof. Given a two-sided projective measurement {Παβ}αβ, notice that
ρ˜AB =
∑
αβ
Παβρ
AB
Παβ =
∑
β
IA ⊗ Πβ(ρAB1 )IA ⊗ Πβ, (11)
where
ρAB1 =
∑
α
Πα ⊗ IBρABΠα ⊗ IB. (12)
3
We expand ρAB , ρAB1 , ρ˜AB and their reduced density operators in the bases {|α〉}nAα=1 = {|α′〉}nAα′=1
and {|β〉}nB
β=1 = {|β′〉}nBβ′=1 as
ρAB =
∑
αα′ββ′
ρABαα′ββ′ |α〉〈α′| ⊗ |β〉〈β′|, (13.1)
ρA =
∑
αα′β
ρABαα′ββ|α〉〈α′|, (13.2)
ρB =
∑
αββ′
ρABααββ′ |β〉〈β′|, (13.3)
ρAB1 =
∑
α
Παρ
AB
Πα =
∑
αββ′
ρABααββ′ |α〉〈α| ⊗ |β〉〈β′|, (14.1)
ρA1 = trBρ
AB
1 =
∑
αβ
ρABααββ |α〉〈α|, (14.2)
ρB1 = trAρ
AB
1 =
∑
αββ′
ρABααββ′ |β〉〈β′|, (14.3)
ρ˜AB =
∑
β
Πβ(ρAB1 )Πβ =
∑
αβ
ρABααββ|α〉〈α| ⊗ |β〉〈β|, (15.1)
ρ˜A = trBρ˜AB =
∑
αβ
ρABααββ |α〉〈α|, (15.2)
ρ˜B = trAρ˜AB =
∑
αβ
ρABααββ|β〉〈β|. (15.3)
Where ρAB
αα′ββ′ = 〈αβ|ρAB|α′β〉. From Eq.(13.3) and Eq.(14.3), Eq.(14.2) and Eq.(15.2), we have
ρB = ρB1 , ρ
A
1 = ρ˜
A. (16)
Then
[S (ρ˜AB) − S (ρ˜A) − S (ρ˜B)] − [S (ρAB) − S (ρA) − S (ρB))]
= {[S (ρ˜AB) − S (ρ˜A) − S (ρ˜B)] − [S (ρAB1 ) − S (ρA1 ) − S (ρB1 )]}
+{[S (ρAB1 ) − S (ρA1 ) − S (ρB1 )] − [S (ρAB) − S (ρA) − S (ρB))]}
= {[S (ρ˜AB) − S (ρ˜B)] − [S (ρAB1 ) − S (ρB1 )]} + {[S (ρAB1 ) − S (ρA1 )] − [S (ρAB) − S (ρA)]}. (17)
From Eq.(2) and Eq.(3), it can be seen that the two expressions in the two curly braces of last
line in Eq.(17) are both nonnegative, then we obtain Eq.(9).
To prove Eq.(10), suppose DAB(ρAB) = 0 and the zero can be achieved by the two-sided
projective measurement {Παβ}αβ. Again from Eq.(17), it follows that the two expressions in the
two curly braces of last line in Eq.(17) are both vanishing. Then DA(ρAB) = 0 and DB(ρAB) = 0.
Similarly, when we repeat the above program substituting ρAB2 by ρAB2 =
∑
β IA ⊗Πβ(ρAB)IA ⊗Πβ,
4
we will obtain DB(ρAB) = 0. Combining DA(ρAB) = 0, DB(ρAB) = 0, and Eq.(4), we steadily
obtain Eq.(10). That is to say,
DAB(ρAB) = 0 ⇐⇒ DA(ρAB) = DB(ρAB) = 0. (18)
We then complete this proof.
The intuitive meaning of Eq.(8) is that DAB(ρAB) is the minimal loss of mutual information
over all two-sided projective measurements. From Eq.(3) and Eq,(10), or from Eq.(18), we see
that DAB(ρAB) captures more correlation than DA(ρAB) in the sense
DAB(ρAB) = 0 ⇒ DA(ρAB) = 0. (19)
Similar to Eq.(6), we also define a geometric measure of quantum discord over two-sided
projective measurements as
DGAB(ρAB) = inf
χAB
||ρAB − χAB||2, (20)
where ||ρAB − χAB||2 = tr[(ρAB − χAB)2], inf takes all χAB that DAB(χAB) = 0. From the definitions
of DGA (ρAB) and DGAB(ρAB), and Eq. (19), it can be easily found that
DGAB(ρAB) ≥ max{DGA (ρAB), DGB(ρAB)}. (21)
4. Simplification and a lower bound of Eq.(20)
Theorem 2 below will simplify Eq. (20).
Theorem 2. DGAB(ρAB) is defined in Eq. (20), then
DGAB(ρAB) = inf{Παβ}αβ ||ρ
AB −
∑
αβ
Παβρ
AB
Παβ||2 (22)
= tr[(ρAB)2] − sup
{Παβ}αβ
||
∑
αβ
Παβρ
AB
Παβ||2, (23)
where inf and sup take over all two-sided projective measurements {Παβ}αβ.
Proof. For any χAB that DAB(χAB) = 0, suppose
χAB =
∑
αβ
pαβ|α〉〈α| ⊗ |β〉〈β|. (24)
Where {|α〉}nA
α=1, {|β〉}nBβ=1 are orthonormal bases for HA and HB, pαβ ≥ 0,
∑
αβ pαβ = 1. We
expand ρAB in the bases {|α〉}nA
α=1 = {|α′〉}nAα′=1 and {|β〉}nBβ=1 = {|β′〉}nBβ′=1 as
ρAB =
∑
αα′ββ′
ρABαα′ββ′ |α〉〈α′| ⊗ |β〉〈β′|. (25)
where ρAB
αα′ββ′ = 〈αβ|ρAB|α′β′〉, and ρABααββ = 〈αβ|ρAB|αβ〉 ≥ 0,
∑
αβ ρ
AB
ααββ
= 1. Consequently,
||ρAB − χAB||2
= tr[(ρAB)2] − 2
∑
αβ
pαβρABααββ +
∑
αβ
p2αβ
= tr[(ρAB)2] −
∑
αβ
(ρABααββ)2 +
∑
αβ
(pαβ − ρABααββ)2. (26)
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By choosing pαβ = ρABααββ, i.e., χAB = ΣαβΠαβρABΠαβ, we then attain Theorem 3.
We would rather like to give another expression of Theorem 2, a lower bound of DGAB(ρAB) will
follow from it, that is Theorem 3 below.
Theorem 3. DGAB(ρAB) is defined in Eq. (20), then
DGAB(ρAB) = tr(CCt) − sup
AB
tr(ACBtBCtAt), (27)
DGAB(ρAB) ≥ tr(CCt) −
min{nA ,nB}∑
k=1
λk. (28)
Where λk are the eigenvalues of CCt listed in decreasing order (counting multiplicity), t denotes
transpose. Real matrices A, B,C are specified as follows: given orthonormal bases {Xi}n
2
A
i=1 for
L(HA) and {Y j}n
2
B
j=1 for L(HB). Let ρAB =
∑
i j Ci jXi ⊗ Y j, then matrix C = (Ci j). For any orthonor-
mal bases {|α〉}nA
α=1 for H
A and {|β〉}nB
β=1 for H
B
, let |α〉〈α| = ∑ n2Ai=1AαiXi, |β〉〈β| = ∑ n
2
B
j=1Bβ jY j, then
matrices A = (Aαi), B = (Bβ j).
To prove Eq. (27), note that Aαi = tr(Xi|α〉〈α|) = 〈α|Xi|α〉, Bβ j = tr(Y j|β〉〈β|) = 〈β|Y j|β〉, thus
DGAB(ρAB) = tr[(ρAB)2] − sup
{Παβ}
||
∑
αβ
Παβρ
AB
Παβ||2
=
∑
i j
C2i j − sup
{Παβ}
||
∑
i jαβ
Ci j〈α|Xi|α〉〈β|Y j|β〉|α〉〈α| ⊗ |β〉〈β|||2
=
∑
i j
C2i j − sup
AB
∑
αβ
(
∑
i j
AαiCi jBβ j)2
= tr(CCt) − sup
AB
tr(ACBtBCtAt).
A brief proof of inequality (28) is: since [26]
DGA (ρAB) ≥ tr(CCt) −
nA∑
k=1
λk, (29)
DGB (ρAB) ≥ tr(CCt) −
nB∑
k=1
λk, (30)
together with Eq.(21), so inequality (28) is surely true.
5. Examples
Let us consider some examples which allow explicit results for DGAB(ρAB).
Example 1. For the m × m Werner state
ρAB =
m − x
m3 − m IAB +
mx − 1
m3 − m F, x ∈ [−1, 1], (31)
with F =
∑
kl |k〉〈l| ⊗ |l〉〈k|, {|k〉} = {|l〉} is an orthonormal basis for HA (HA = HB). Note that
F2 = IAB, trF = m. For any two-sided projective measurement {Παβ}αβ,∑
αβ
Παβρ
AB
Παβ
6
=
m − x
m3 − m IAB +
mx − 1
m3 − m
∑
αβkl
〈α|k〉〈l|α〉〈β|l〉〈k|β〉Παβ
=
m − x
m3 − m IAB +
mx − 1
m3 − m
∑
αβ
|〈α|β〉|2Παβ.
By Eq. (22), and applying the Lagrangian multipliers method, we get
DGAB(ρAB) =
(mx − 1)2
m(m − 1)(m + 1)2 . (32)
That is DGAB(ρAB) = DGA (ρAB) [26].
A Werner state is separable if and only if x ∈ [0, 1] [2], but DGA (ρAB) = DGAB(ρAB) = 0 if and
only if x = 1/m, i.e., it is the completely mixed state.
Example 2. For the m × m isotropic state
ρAB =
1 − x
m2 − 1 IAB +
m2x − 1
m2 − 1 M, x ∈ [0, 1], (33)
with M = 1
m
∑
kl |k〉〈l| ⊗ |k〉〈l|, {|k〉} = {|l〉} is an orthonormal basis for HA (HA = HB). Note that
M2 = M, and trM = 1. For any two-sided projective measurement {Παβ}αβ
∑
αβ
Παβρ
AB
Παβ
=
1 − x
m2 − 1 IAB +
m2 x − 1
m2 − 1
1
m
∑
αβkl
〈α|k〉〈l|α〉〈β|k〉〈l|β〉Παβ
=
1 − x
m2 − 1 IAB +
m2 x − 1
m2 − 1
1
m
∑
αβ
|〈α|β′〉|2Παβ.
here |β′〉 = |β〉∗ is the complex conjugate of |β〉 in the basis {|k〉} = {|l〉}, namely, 〈β|k〉 = 〈k|β′〉,
〈l|β〉 = 〈β′|l〉. Using the similar techniques in example 1 we get
DGAB(ρAB) =
(m2x − 1)2
m(m − 1)(m + 1)2 . (34)
That is DGAB(ρAB) = DGA (ρAB) [26].
Recall that an isotropic state is separable if and only if x ∈ [0, 1/m] [2], but DGA (ρAB) =
DGAB(ρAB) = 0 if and only if x = 1/m2, i.e., it is the completely mixed state.
Example 3. For any two-qubit state
ρ =
1
4
(IAB +
3∑
i=1
xiσi ⊗ IB +
3∑
j=1
y jIA ⊗ σ j +
3∑
i, j=1
Ti jσi ⊗ σ j)
=
1
2
(X0 ⊗ Y0 +
3∑
i=1
xiXi ⊗ Y0 +
3∑
j=1
y jX0 ⊗ Y j +
3∑
i, j=1
Ti jXi ⊗ Y j). (35)
Where x = (x1, x2, x3), y = (y1, y2, y3) are two real vectors, {σi} are the Pauli matrices,
{X0, X1, X2, X3} = {IA, σ1, σ2, σ3}/
√
2, {Y0, Y1, Y2, Y3} = {IB, σ1, σ2, σ3}/
√
2. Note that trσi = 0
7
and tr(σiσ j) = 2δi j, hence {X0, X1, X2, X3} is an orthonormal basis for L(HA) , and {Y0, Y1, Y2, Y3}
is an orthonormal basis for L(HB). For any orthonormal basis {|α〉}2
α=1 of H
A
, |α〉〈α| ∈ L(HA), we
can write |α〉〈α| as
|1A〉〈1A| = (X0 + a1X1 + a2X2 + a3X3)/
√
2, (36.1)
|2A〉〈2A| = (X0 − a1X1 − a2X2 − a3X3)/
√
2. (36.2)
Here, a = (a1, a2, a3) is a real vector with ‖a‖2 = ∑3i=1 a2i = 1. Similarly, for any orthonormal
basis {|β〉}2
α=1 of H
B
, |β〉〈β| ∈ L(HB), we write |β〉〈β| as
|1B〉〈1B| = (Y0 + b1Y1 + b2Y2 + b3Y3)/
√
2, (37.1)
|2B〉〈2B| = (Y0 − b1Y1 − b2Y2 − b3Y3)/
√
2. (37.2)
Here, b = (b1, b2, b3) is a real vector with ‖b‖2 = ∑3i=1 b2i = 1. Thus, from Eq. (27), direct
calculation shows that
DGAB(ρAB) =
1
4
[||x||2 + ||y||2 + tr(TT t)] − 1
4
sup
ab
[(a · x)2 + (b · y)2 + (aTbt)2]. (38)
Where a · x = ∑3i=1 aixi, a · y = ∑3i=1 aiyi, T = (Ti j). It is desirable but seems not easy to optimize
Eq. (38), here we only discuss some special cases of it:
(i) if T = 0, then DGAB(ρAB) = 0;
(ii) if x = y = 0, that is ρA = IA and ρB = IB, by the singular value decomposition of T, we get
DGAB(ρAB) = 14 [tr(TT t) − λmax], with λmax being the largest eigenvalue of TT t;
(iii) if Ti j = xiy j, that is ρAB = ρA ⊗ ρB, then DGAB(ρAB) = 0.
6. Summary
We introduced a geometric measure for the quantum discord defined over two-sided projective
measurements, simplified the expression and provided a lower bound for this geometric measure.
Some special quantum states were discussed as demonstrations of this geometric measure. We
expect that this geometric measure may provide an new perspective and bring some conveniences
for understanding and characterization of quantum discord over two-sided projective measure-
ments.
It has shown that DAB(ρAB) captures more correlation than DA(ρAB). At the end of this paper,
it is interesting to point out the ordering of some different quantum correlation below
ρAB = ρA ⊗ ρB =⇒ DAB(ρAB) = 0 =⇒ DA(ρAB) = 0 =⇒ ρAB is separable.
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